The technique of mutual approximations accurately gives the central instant at the maximum apparent approximation of two moving natural satellites in the sky plane. This can be used in ephemeris fitting to infer the relative positions between satellites with high precision. Only the mutual phenomena -occultations and eclipsesmay achieve better results. However, mutual phenomena only occur every six years in the case of Jupiter. Mutual approximations do not have this restriction and can be observed at any time along the year as long as the satellites are visible. In this work, we present 104 central instants determined from the observations of 66 mutual approximations between the Galilean moons carried out at different sites in Brazil and France during the period 2016-2018. For 28 events we have at least two independent observations. All telescopes were equipped with a narrow-band filter centred at 889 nm with a width of 15 nm to eliminate the scattered light from Jupiter. The telescope apertures ranged between 25-120 cm. For comparison, the precision of the positions obtained with classical CCD astrometry is about 100 mas, for mutual phenomena it can achieve 10 mas or less and the average internal precision obtained with mutual approximations was 11.3 mas. This new kind of simple, yet accurate observations can significantly improve the orbits and ephemeris of Galilean satellites and thus be very useful for the planning of future space missions aiming at the Jovian system.
INTRODUCTION
The orbital studies of the natural satellites can give us hints about the formation processes of these moons (Charnoz et al. 2011; Crida & Charnoz 2012) . Also, they can give us valuable information about their interiors, with accurate estimations of the tidal effect. One example is the thermal equilibrium in Io (the innermost of the Galilean moons), determined by the agreement between the orbital energy loss and the heat evacuated at Io's surface (Lainey et al. 2009 ).
Improvement of the orbits on these studies demand systematic astrometry of these moons, preferably over extended periods of time and, as much as possible, with accurate and precise measurements. These measurements, observables in a more general sense, are fitted with the use of dynamical models (De Sitter 1928; Lieske 1987; Lainey et al. 2009 ). For instance, improvements in the study of the tidal force in the Jovian system requires positions with a precision better than 30 mas (milliarcseconds) (Lainey 2016) .
Usual CCD astrometry relies on the imaging of the target in the Field of View (FOV) with an adequate number of cataloged reference stars. For the Galilean moons, this is not an easy task. Jupiter brightness (Magnitude in V band around −2.5) makes it difficult to image cataloged stars (V = 12 to 20), since Jupiter saturates and spreads its light all over the FOV with longer exposures. Methods to reduce this brightness have been tried, however the precision in a classical CCD astrometry of a single satellite is yet not satisfactory, i.e. the standard deviation of ephemeris residuals from a few hundred observations per night ranges between 100-150 mas (Kiseleva et al. 2008 ).
Mutual occultations and eclipses furnish very precise relative positions between two satellites. The drawback is that they can only be observed during the equinox of the host planet, when the Earth and the Sun pass through the orbital plane of the satellites. In the case of Jupiter it happens every 6 years, for Saturn every 15 and for Uranus every 42 (Arlot et al. 2012 (Arlot et al. , 2013 (Arlot et al. , 2014 . For the Galileans satellites, mutual phenomena may deliver relative positions with a precision better than 5 mas (Dias-Oliveira et al. 2013; Emelyanov 2009 ). More than 600 light curves were obtained in the last Mutual phenomena campaign between the Galilean moons, the PHEMU15, with an average precision of 24 mas (Saquet et al. 2018 ).
This scenario motivated the search for alternative methods to furnish astrometric data for these satellites. For example, Peng et al. (2012a) determined relative positions between a pair of satellites when they are close together in the FOV, with a relative distance smaller than 85 arcseconds, and obtained precisions of 30 mas in these relative positions.
A more recent attempt is the mutual approximations technique developed by us (Morgado et al. 2016) , primarily suggested by Arlot et al. (1982) . In this method, the instant of the maximum apparent approximation in the sky plane between two moving satellites can be determined with a precision that corresponds to less than 10 mas. The technique is immune to two problems in the CCD astrometry of the Galilean moons: the determination of the pixel scale and the orientation of the CCD with respect to the right ascension and declination axes in the sky (Emelyanov 2017) . Also, the observations with this technique are easily done with small aperture size telescopes (few centimeters). One important aspect of the method is the correct registering of time. Fortunately, this is also usually easy to accomplish with GPS receivers, specialized software or internet services that calibrate the acquisition computer's UTC time inserted in the images.
In this paper we detail the APPROX, an observational campaign of mutual approximations between the Galilean moons. It is a collaboration between Brazilian and French institutes, with six observational sites. This campaign observed 66 mutual approximations, obtaining 104 distance curves between February 2016 and August 2018. The average precision of the central instant was 11.4 mas using the relative velocity in each event to convert between seconds of time and arcseconds. We also present a procedure to use the mutual approximation data as observables to determine the parameters of the satellites' orbits in ephemeris fitting.
Section 2 brings an overview of the mutual approximation method. In Section 3, we describe the observational campaign, prediction, simulations, observations and how we processed the observed data. In Section 4, we present our results. We describe in Section 5 a procedure to use the central instants of mutual approximations on ephemeris fitting. We set our conclusions in Section 6.
THE METHOD OF MUTUAL APPROXIMATIONS
A detailed description of the method of mutual approximations is given in Morgado et al. (2016) . Here, we briefly summarize the principles of this method. It is possible to determine the ICRS position of a target in a CCD frame but it is necessary an astrometric star catalog to find the pixel scale, the CCD orientation and the zero point. This last is not needed when fitting ephemeris of natural satellites if the relative distances are known.
However, in the case of the Galilean satellites, it is not trivial to determine the pixel scale and image orientation without catalog reference stars. One possibility is to use the measured relative satellite positions and motions and a reference ephemeris as template (Peng et al. 2012a ), but then the "true" relative distances may be masked by the correlation with the errors in the ephemeris scale and orientation.
In the mutual approximation technique, we do not work with scaled distances, but with instrumental ones given pixel units. Scaled distances can be derived, but are not used in any fitting for finding the central instant and impact parameter and their errors -only instrumental distances are used for that. We can derive the pixel scale and CCD orientation using an ephemeris as template, or we can use the nominal pixel scale of the instrument, but only for internal checking purposes, like converting the impact parameter and its uncertainties to mas in order to have a better evaluation of the fit. We emphasize that post-derived scaled distances between the satellites are not the primary result of the method of mutual approximations.
Anyway, the main result of the method is the central instant at maximum apparent approximation between two satellites. Thus, we must calibrate time correctly, preferably with a precision better than 0.1 seconds. We do that using GPS receivers or with the time-calibration software called Dimension 4 1 .
The mutual approximation method consists on fitting the apparent distances s i j in the sky plane between two moving satellites i and j by a N-degree polynomial in time, defined by equation (1). The underlying assumption -which actually defines a mutual approximation -is that s i j gradually decreases with time, reaches a minimum and then starts to increase. The use of the square of s i j simplifies computations. The degree of the polynomial is determined by evaluating tentative fittings to the (squared) apparent distances computed from a reference ephemeris.
We then use the fitted polynomial coefficients (a n ) to determine the central instant t 0 (the instant at maximum approximation, when the apparent distance is minimum), the impact parameter d 0 (the minimum apparent distance in the sky plane between both satellites, which occurs by definition at t 0 when the approximation is at maximum), the relative velocity v 0 at t 0 between both satellites in the sky-plane, and their uncertainties (σd 0 , σt 0 and σv 0 ). The central instant is always obtained in UTC. When fitting observations, the impact parameter and its uncertainty is obtained in pixels, and the relative velocity and its uncertainty in pixels per second of time. When fitting reference ephemeris data, the impact parameter is generally computed in arc seconds and the relative velocity in arcseconds per second of time.
We also correct a shift in the observed central instant due to effects on the apparent distances caused by: a) the different apparent sizes of each satellite and the solar phase angle correction; b) atmospheric refraction; c) diurnal and annual aberration. The correction is determined after comparing the shift in the central instant obtained from fittings using a reference ephemeris with and without these effects. The shift usually ranges from 1 to 6 seconds (5 to 30 mas).
Marks in the surface, or topography, of the satellites could affect the centroid measurement. As pointed out by Lindegren (1977) , the maximum offset could be 35 mas, and would affect systematically all astrometric measurements during a run. Only a very precise albedo map of these satellites in the spectral region of the observations (in our case 889 nm) would allow us for inferring exactly its contribution. We highlight, however, that for mutual approximations, we would be affected only by a fraction of this offset, along the direction of relative motion between both satellites.
After all the fittings and computation of all parameters, for analysis and comparison purposes, we only use nonsquared apparent distances. Once ordered in time, we have the distance curves of the event. There are two kinds of observed distance curves -measured and fitted -and two kinds of ephemeris distance curves -ephemeris-and fitted-based. The nature of the distance curves discussed along the text should be clear from the context.
OBSERVATIONAL CAMPAIGN
An observational campaign starts with the prediction of the apparent close approximations between two satellites that are really interesting. The second step is the simulation of these events, which can give some hints about the best instrumental configuration and observation procedures for the participants of the campaign. The third step is the observation itself and for last the analysis of the data acquired.
PREDICTION
The predictions of the approximations were made with the topocentric ephemeris for each participating observatory using the NAIF SPICE 2 toolkit, Jovian ephemeris jup310 and planetary ephemeris DE430.
The precision premium (Peng et al. 2008 ) predicts an increase in the precision in the measurement of apparent distances between two objects in the sky plane when this distance is smaller than 85 arcseconds. In this scenario, we avoid the effects of distortions in the FOV, since both satellites should be affected in the same way. In order to avoid a prohibitive number of events, we only chose the approximations with a impact parameter smaller than 30 arcseconds.
We selected all the mutual approximations that were visible for the observatories with elevation above 30 o . We set a minimum apparent distance of 10 arcseconds between both satellites and the Jupiter limb. In total, we predicted 102 events between February 2016 and August 2018. From these, we observed 66 mutual approximations -the others were lost due to bad weather conditions or instrumental issues.
SIMULATIONS
In order to test the feasibility of the selected events, it is important to simulate observations and analyze the different aspects that rise in each scenario. First, we study the expected precision of the mutual approximation's central instant (σt 0 ) and impact parameter (σd 0 ) for different values of time resolution (δt) and signal to noise ratio (SNR). Second, we evaluate the ideal duration of the observation of a mutual approximation. Finally, we mimic the presence of gaps in the distance curve, which are often caused by weather or instrumental issues.
Let's illustrate all these three steps in the simulation of the events by taking as example the approximation between Io (501) and Ganymede (503) that happened on February 24 th , 2016. We added a Gaussian error with standard deviation equal to σ noise in the distance between the pair of satellites to simulate real observations. We repeated the simulation 100 times with normalization to remove random systematic errors.
In the first step we studied how the central instant and impact parameter errors are affected by different SNR and different δt (the time difference between two consecutive images). It is clear that the best case scenario is a high SNR and a low δt. However, part of the time resolution is related with the time exposure, which in turn is correlated with the SNR. Thus, the simulations in this step show us which parameter we have to prioritize to obtain the best results.
For the simulations in this step, we chose δt ranging between 1.0 -10.0 seconds and the σ noise between 50 -350 mas. The result is displayed in Fig. 1 where we can see that a high σ noise (low SNR) affects more the precision of the impact parameter (σd 0 ) and the central instant (σt 0 ) than the time resolution itself. This means that a good SNR should be prioritized in the observations. For the remaining of the simulations, we used δt = 4 s and σ noise = 100 mas, which are the mean values in Morgado et al. (2016) .
In the second step, the simulations has the purpose to evaluate the duration that a mutual approximation should be observed. We simulate observations starting one hour before and ending one hour after the central instant (t 0 ). We eliminated pairs of simulated images symmetrically placed around the central instant, one pair at a time, until our model failed to determine the central instant. This happens for ∆t smaller than 10 minutes (five minutes for each side around t 0 ).
As seen in Fig. 2 for events with duration between 120 and 40 minutes there is no significant difference in the precision of the result obtained for the central instant. For the next simulations, we used distance curves of 60 minutes with 30 minutes before and after the central instant.
In the third step, the simulations mimic problems that arise from instrument issues and/or bad weather conditions, for evaluating how the absence of points along the curve affects the error of the results. The simulations are subdivided in two different scenarios: (i) gaps are present along all the curve; (ii) only one side of the curve is available. Both these scenarios were explored in Morgado et al. (2016) , but here we study them in detail.
In scenario (i) not only the size of the gap matters, but also the gap location. We explored gaps with sizes ∆t gap equal to 5, 10, 15, 20 and 25 minutes, in different positions along the distance curve with respect to the central time of the gap t gap . In Fig. 3 , we plot the errors of the impact parameter (σd 0 ) and the central instant (σt 0 ) over t gap . We remark that the location of the gap does not affect σt 0 , how- ever σd 0 is strongly affected by gaps near the central instant. This kind of gap always occurs during the mutual phenomena period when the mutual approximation culminates in an occultation, during which of course it is not possible to measure the (x,y) centroids of both satellites individually.
The distance curve in a mutual approximation should naturally be a quasi-symmetrical one with respect to the central instant. Thus, observing only one side of the curve precludes a good determination of the central instant. In scenario (ii) we investigated how close to the central instant we can start (or finish) one observation and still get a good precision. In the simulations, one by one, we eliminate points only from one side of the curve and compute the errors in the impact parameter (σd 0 ) and the central instant (σt 0 ). The results can be seen in Fig. 4 . It shows that the central instant error is strongly affected by the absence of only one side of the curve. For observations starting less than 5 minutes before the central instant, the error can achieve 30 mas or more.
The first and second steps of simulations show us the eventual limitations of the method for each event. They allow us for alerting the observers to take the necessary precautions in their instrumental setup and observational strategies. This optimizes the outputs of each event and ultimately improves the overall results of the campaign. The scenarios (i and ii) in the third step of simulations show us what to expect in the realistic case of a mutual approximation event with weather and/or instrument issues. It is noteworthy that even in the worse scenarios with errors greater than 30 mas, the measurements may still be very useful in the ephemeris fitting of the Galilean satellites.
OBSERVATIONS
The observations were made at five different sites in the South and South-East of Brazil and one site in the SouthEast of France. The geographical longitude, latitude, altitude and the Minor Planet Center (MPC) Observatory code of the sites (XXX for sites without a code) of each observatory are listed in Table 1 , which also displays instrumental information for each site, the observers and the number of positive detections. Note that the aperture diameters of the telescopes ranged between 25-120 cm. We also show .
We encouraged the coverage of each event by multiple sites in order to lose as few events as possible due to bad weather or instrumental problems, not to mention the advantage gained in the analysis. Also, we oriented the observers to place the satellites of the mutual approximation in the central part of the CCD FOV to attenuate the effects of field distortions, if any (see Peng et al. (2012b) ).
All the observations were made with a narrow-band filter centred at 889 nm with a width of 15 nm. Radiation in this spectral range is absorbed by the methane in the Jupiter's high clouds, making its albedo drop to values below 0.1 (Karkoschka 1994 (Karkoschka , 1998 ). This filter is very efficient in decreasing the scattered light of Jupiter without affecting the brightness of the satellites, as pointed out by Karkoschka (1994) . Thus, we could obtain good SNR images of the satellites (V around 5) with exposures of a few seconds without the interference of the scattered light of the planet.
DATA PROCESSING
The majority of the observations were acquired in FITS format with time registered in the header. The UTF site recorded observations with a video camera with the time stamped in each frame. The conversion from AVI to FITS and the time extraction were made with the AudeLA 3 software. The processing of the FITS images were made in three steps.
First, all images were corrected for bias, dark and flatfield using standard IRAF 4 procedures (Butcher & Stevens 1981) .
The second step was the determination of the satellite's (x,y) centres in the images using the PRAIA package (Assafin et al. 2011 ). This package measures the object's centroid with a two-dimensional circular symmetric Gaussian fit over pixels within one Full-Width Half Maximum (FWHM = seeing) from the centre. The average error of the centroid measurement was 1/20 of a pixel. Using the nominal pixel scale of the instruments, this translates to errors in the range 16 to 36 mas.
The third step was the application of the mutual approximation method itself, described in Section 2. We fitted the observed and ephemeris distance curves for the determination of auxiliary ephemeris central instants of time, impact parameter and relative velocities. After the corrections for solar phase angle, atmospheric refraction, diurnal and annual aberration, we obtained the final observed central instants, as well as the observed impact parameters and relative velocities, and their errors. It turned out that a fourthdegree polynomial was used to fit all the distance curves. A Python-based software (Astropy Collaboration et al 2013) was specially developed for performing all the computations of this step.
Thus, at the end of the data processing, we obtained the central instant of the maximum apparent approximation (t 0 ) between both satellites, their impact parameter (d 0 ), their relative velocity (v 0 ) at t 0 , also in the sky plane, and the errors for all these parameters. Without any scaling, d 0 and v 0 (and their errors) are measured in pixels and pixel per second. (Table 1) for each site to transform the apparent sky plane distance from pixels to arcseconds. The differences between the observations and the ephemeris jup310 from JPL 5 were -0.2, -4.8, -7.8, -0.5 and -5.5 mas and the precision 3. 8, 8.2, 8.2, 12 .0 and 5.6 mas, respectively. These observations combined represent an offset of -3.8 mas with a standard deviation of 2.9 mas.
5 Website: http://www.jpl.nasa.gov/ The results of this campaign can be found on Tables 2  and 3 , which contain the date of the event and the satellites' pairs in the form "S i AS j ", where 501 stands for Io, 502 for Europa, 503 for Ganymede and 504 for Callisto. We furnish the sites involved on each observation (using the alias defined in Table 1 ). For each site, we give the obtained central instant (t 0 ) and its uncertainties (σt 0 ) in seconds of time and in mas, respectively, and the difference between the observed central instant and that determined by using the (topocentric) ephemeris jup310 with DE435 (∆t 0 ), in seconds of time and in mas. All times are UTC. In the last column, we have the label N of each mutual approximation, which is a sequential number following the chronological order of the events. Table 2 displays the results of the 48 distance curves obtained in 2016 and Table 3 shows the results of the 25 curves observed in 2017 and 31 obtained in 2018.
Our results are also illustrated in Fig. 6 which displays central instant offsets in mas with respect to the jup310 ephemeris (dashed line at zero offset) for each mutual approximation. The different colours represent different sites and the dotted line is the difference between NOE-5-2010-GAl.a and jup310 ephemeris. The RMS between our observations and the jup310 and NOE-5-2010-GAl.a ephemeris were 14.4 and 18.2 mas, respectively. In the bottom, the red crosses are the residual of the fitting. We used the nominal pixel scale (Table 1) for each site to convert the apparent distances from pixels to arcseconds.
According to Tables 2 and 3, very few observations had central instants with internal errors worse than the ideal 30 mas suggested in Lainey et al. (2009) and Lainey (2016) for an effective contribution to the study of tidal forces in the Jovian system -9 observations out of 104 (about 9%). About 87% (90 observations) had uncertainties below 20 mas and 65% (67 observations) below 10 mas. One extreme example was the mutual approximation between Io and Callisto observed at OPD in April, 12 th 2016 (N = 10). The internal error was 8.9 seconds (51.6 mas). This event was heavily affected by bad weather, presenting a 20 minutes gap before the central instant, with observations having to stop just 15 Note: Results of the mutual approximation campaign for 2016: 501 stands for Io, 502 for Europa, 503 for Ganymede and 504 for Callisto. σt 0 is the central instant error in seconds of time and in mas (using the relative velocity in each event obtained with the ephemeris) and ∆t is the comparison between the observation and the ephemeris jup310 (with DE435) from JPL in the sense "observation minus ephemeris" in seconds of time and in mas. N is a sequential number with time that labels each observed mutual approximation. Time is UTC.
minutes after the central instant, see Fig. 7 . All observations with internal errors worse than about 20 mas were affected at some extent by bad weather conditions and/or instrumental issues, such as gaps in the curve or low signal to noise ratio (SNR). These scenarios were predicted and explored in our simulations in Section 3.2. Observed apparent sky plane distance curves for Io and Callisto in the mutual approximation of April, 12 t h 2016 seen from OPD. Inter-satellite distances, d, are the black dots and the model fitted is the yellow line. In the bottom, the red crosses are the residual of the fitting. We used the nominal pixel scale (Table 1) to convert the apparent distances from pixels to arcseconds. The internal error for this observation was large, 8.9 seconds of time (51.6 mas), due to the central gap and to the lack of observations 15 minutes after the central instant.
EPHEMERIS FITTING PROCEDURE
In order to create an ephemeris, it is necessary to fit a dynamical model to observations. In the case of natural satellites, the fitting is made by using the standard method of variational equations (see for example Lainey et al. 2004a,b) .
Here, we present for ephemeris developers a method that permits to add central instants from mutual approximations to ephemeris fitting, by the development of more adequate conditional equations to the problem. In the case of mutual approximations, we should in principle solve for the partial derivatives ∂t 0 ∂c l to obtain the conditional equations (2) of the problem:
where c l represents each of the l parameters that we are fitting, usually the initial positions and velocities However, equations (2) cannot be solved analytically and a numerical approach consumes too much CPU time (see Emelyanov 2017) . Fortunately, we can develop equivalent equations to the problem which are solvable.
Consider the apparent distance in the sky plane s i j between two satellites i and j. s i j is minimum at the central
Knowing that, we can write the equation (3):
where ds c dt (t 0 ) is the value computed by the dynamical model, and the difference ds o dt (t 0 ) − ds c dt (t 0 ) also represents an "observed minus computed" offset. Equation (3) is a more suitable conditional equation to the problem. It can be rewritten as follows. The apparent distance s i j between satellites i and j can be written as in equation (4):
with
where α i and α j are the satellites' right ascensions, δ i and δ j their declinations and δ m is the mean declination of both satellites, this is the first order polynomial approximation for gnomonic projection. The time derivative of the equations (5), (6) and (7) are:
By deriving equation (4) over time, we get equation (11):
Then, we derive equation (11) Therefore, we can write the conditional equation (3) with the use of the explicit form of equation (12).
A similar method was already tested by Emelyanov (2017) and proved to be very efficient when other observations of different kinds (right ascension, declination, relative distance) are fitted together with the central instants from mutual approximations.
CONCLUSIONS
The National Observatory (ON) from Brazil, with the collaboration of the IMCCE (Paris Observatory -France) and Valongo Observatory (UFRJ -Brazil), organized the APPROX -the mutual approximation campaign for the Galilean Moons. This campaign had the participation of 6 observational sites and obtained 104 distance curves for 66 events. The central instants obtained had an average internal error of 11.3 mas. The external comparisons gave a RMS of 14.4 mas with respect to the JPL jup310 ephemeris and 18.1 mas with the IMCCE NOE-5-2010-GAL.a ephemeris, using the DE435. About 65% of our results had precision better than 10 mas, 87% better than 20 mas and 91% better than 30 mas. Improvements in the study of the tidal force in the Jovian system requires positions with a precision better than 30 mas (Lainey et al. 2009; Lainey 2016) .
We used the methane narrow band filter centred at 889 nm with 15 nm width to reduce Jupiter's scattered light. We remark that the time recorded in the images was carefully corrected by the use of GPS receivers or time calibration software.
The results show that the method of mutual approximations is suitable for small telescopes. They can be used to continually furnish high precision central instants between two satellites.
We also presented a way to fit the observed central instants into dynamical models in order to develop new ephemeris.
The technique of mutual approximations is an alternative high precision astrometric method that serves to improve the orbits of natural satellites. Unlike mutual phenomena, mutual approximations can be observed at any time independently of the equinox of the host planet. Observational campaigns, such as the one presented here, can increase the ephemeris' accuracy and precision and be helpful to space missions aiming at the Jovian system, like the ESA mission JUICE 6 and NASA mission Europa Clipper 7 .
